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Effect of magnetized electron cooling on a Hopf bifurcation
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We have observed longitudinal limit cycle oscillations of a proton beam when a critical threshold
in the relative velocity between the proton beam and the cooling electrons has been exceeded. The
threshold for the bifurcation of a fixed point into a limit cycle, also known as a Hopf bifurcation, was
found to be asymmetric with respect to the relative velocity. Further experiments were performed to
verify that the asymmetry was related to electron beam alignment with respect to the stored proton
beam. The measured amplitudes of the ensuing limit cycle were used to determine the cooling drag
force, which exhibits the essential characteristics of the magnetized cooling, where the limit cycle
attractor can coexist with a damping-free region and/or a fixed point attractor.

PACS number(s): 29.27.Bd, 41.75.—1i, 03.20.+1, 05.45.+b

Since its invention by Budkar in 1966, electron cooling
has been widely applied to many storage rings for atomic,
nuclear, particle, and accelerator physics research [1,2].
In order to optimize machine operation and luminos-
ity for physics experiments, beam dynamics studies with
electron cooling have been of considerable interest in ac-
celerator physics [3-7].

Recently, we have reported an experimental observa-
tion of the Hopf bifurcation in the synchrotron phase
space when the relative velocity between the proton beam
and the cooling electrons is greater than a threshold value
[4,5]. We have found that the threshold of bifurcation is
related to the “temperature” or equivalently the longi-
tudinal rms velocity spread of cooling electrons seen by
protons. In these experiments, we were puzzled by the
asymmetry of the bifurcation with respect to the relative
velocities (see Fig. 1 of Ref. [4] and Figs. 4 and 5 of
Ref. [5]).

Because the asymmetric bifurcation can arise from
the combination of nonzero dispersion functions and the
space charge depression of cooling electrons, we investi-
gate the effect of electron beam alignment on the thresh-
old of Hopf bifurcation and the shape of the cooling drag
force on the amplitude of limit cycle attractor. In this
paper, we report results of experimental studies on Hopf
bifurcation by varying the electron beam direction rela-
tive to the proton beam. Our experimental data are used
to obtain the drag force which can reflect the effects of
magnetized cooling. The dependence of stable particle
motion on the shape of the cooling drag force has also
been studied in extensive numerical simulations.

The IUCF Cooler Ring is a hexagonal shaped storage
ring with a circumference of 86.8 m [2]. The experiment
was done with a 45 MeV proton beam injected and then
stored with a 10 s cycle time. After 5 s from the start
of the cycle, the six dimensional phase space coordinates
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were digitized at ten-revolution intervals for 16 384 points
[6,7]. The nominal rf cavity frequency was 1.031 68 MHz
with the harmonic number h = 1. The beam was typ-
ically a single bunch of about 4 x 10° protons with a
typical length of about 100 ns full width at half max-
imum (FWHM) with the rf peak voltage being about
41 V. For the experimental results reported in this pa-
per, the rf voltages were set at 85 V and 128 V. Since
measurements of longitudinal motion were being made,
the phase lock feedback loop for the rf, which is normally
on, was switched off.

The synchrotron motion is characterized by the phase
¢, which is the phase of a particle relative to the rf cavity
voltage, and its conjugate momentum variable § = %’—’,
which is the fractional momentum deviation of the parti-
cle from that of the synchronous particle. The difference
equations describing the synchrotron motion are

2
s = b= Tt sin g, —sing) = [0, (1)
¢n+1 - ¢n -+ 27rh775n+17 (2)

where 7 = —0.86 is the phase slip factor, ¢, is the phase
of the synchronous particle, which for a stored beam is
0°, h is the harmonic number, f(4) is the damping force
resulting from electron cooling, and the subscripts n re-
fer to the revolution number. The small amplitude syn-
chrotron tune v, at the zero synchronous phase is related
to the rf cavity voltage V¢ by v, = +/h|n|eVis/2mEB2,
where e, B¢, and E are, respectively, the charge, the
speed, and the total energy of the proton. The angu-
lar synchrotron frequency is given by w, = wov,, where
wp is the angular revolution frequency.

The damping force f(§) produced by the electron cool-
ing is the result of a statistical exchange of energy in
Coulombic collisions between the protons and relatively
cold electrons as they travel together in the accelerator.
In practice, electron cooling in synchrotrons is normally
done in relatively short straight sections due to cost and
space limitations. At IUCF the electron beam is mixed
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with the proton beam for distance of only 2.2 m or about
2.5% of the accelerator circumference. The electron beam
radius is about 1.27 cm and the cathode temperature is
about 1300 K or kT atn = 0.11 €V, where k is the Boltz-
mann constant. The maximum electron beam current is
4 A. The electron beam current used in this experiment
was 0.956 A.

Assuming an electron beam with an isotropic phase
space Maxwellian velocity distribution, the damping
force in the nonmagnetized binary collision theory is
given by

£0) = T2y q), 3)

with a kinematic factor given by g(¢) = go(¢) with

3/ 2 2
(0 = 507 [ert0) = Ze €] (4)
where « is the 1/e damping rate for small relative veloc-
ities, A, = 0./Bc with g as the rms velocity of cooling
electrons, and ¢ = (6 — 6.)/A, with J. as the fractional
momentum deviation of the proton traveling at the veloc-
ity of cooling electrons with respect to the synchronous
particle of the rf cavity. From our previous measurements
[4,5], we have o ~ 40 s™! and A, = 3 x 107* for the
TUCF electron cooling system for a proton kinetic energy
of 45 MeV.

The effective temperature of the electron beam is re-
lated to the rms electron velocity spread by

1
kTjeg = %mecrg = Eme,@zczAz“. (5)
Because of the adiabatic acceleration, the longitudinal
effective electron temperature is much smaller than that
of the cathode temperature. Since there is no adia-
batic damping in the transverse phase space, the effective
transverse temperature remains 0.11 eV, which gives an
equivalent momentum deviation of A,; = 2.2x1073. For
comparison, the bucket height of the synchrotron phase
space at a rf voltage of 128 V is about 1.0 x 1073.

Since the cooling drag force of Eq. (4) is maximum
at |8 — .| = Agy, it is evident that the center of the
rf phase space will become unstable when |d.] > A
[4,5]. The stability is ensured only if the damping effect of
synchrotron motion with § > 0 has exactly been cancelled
by the excitation of synchrotron motion in the region
6 < 0, or vice versa. The cancellation of the damping
and the excitation in the synchrotron motion leads to
the limit cycle attractor.

Since the threshold of Hopf bifurcation is related to
the rms velocity spread of cooling electrons along the pro-
ton trajectory, the asymmetric Hopf bifurcation can arise
from different velocity spreads affecting protons having
a different momentum closed orbit. The increase in the
rms velocity spread can result from a misaligned proton
beam in combination with the space charge depression
of the electron beam [see Eq. (98) of Ref. [1]]. Thus
the misalignment of the cooling electron beam can con-
tribute to the asymmetry in the Hopf bifurcation, which
was commonly observed in our earlier experiments. For
a properly aligned electron beam, space charge depres-
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sion will shift the relative velocity without affecting the
velocity spread.

Since electrons having speed identical to that of pro-
tons have a much smaller momentum rigidity, the elec-
tron beam alignment can easily be achieved by super-
imposing a horizontal or a vertical dipole field to the
solenoidal field. A method to obtain an “optimal” align-
ment is described as follows: When the rf frequency is
shifted, the beam, which is originally at the center of the
rf bucket (i.e., § = 0 and ¢ = 0), will be dragged away
from the origin and undergo synchrotron oscillations. If
the damping force were linear over the entire range of
relative velocity v;e], the proton beam would damp to a
new fixed point attractor ¢pp, where

2a0 hnée

WolVs Vs

(6)

The resulting ¢rp is the synchronous phase angle ¢, of
the beam.

In order to permit us to precisely measure the syn-
chronous phase angle ¢pp shown in Eq. (6), we choose a
small rf cavity voltage with Vi = 10 V, where the cor-
responding synchrotron tune is 1.25 x 107% at h = 1.
The rf synchronous phase angle is measured by stepping
away from the reference frequency by 200 Hz [8]. Fig-
ure 1 shows the drag force, which is eVi¢sin ¢prp, vs the
horizontal and vertical dipole currents (in digital analog
converter or DAC units), where the lower plot gives the
drag force as a function of the vertical dipole strength
Viol With Hy,p = 160 DAC. The maximum drag force is
found to be about 1.8 eV/turn. From Eq. (6), we ob-
tain o = 45 s~1, which agrees well with the value of 40
s~! obtained from an earlier measurement by using the
harmonic modulation to the high voltage power supply
(HVPS) (see Sec. III A of Ref. [5]).

To investigate the Hopf bifurcation due to the nonlin-
ear damping force, the proton velocity was displaced from

¢rp ~
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FIG. 1. The measured damping drag force is plotted vs the
horizontal and the vertical electron beam alignments in the upper
and lower plots, respectively. The lower plot shows the drag force
vs Vo1 with an optimal Hg, = 160 DAC value obtained from
the upper plot. The DAC (digital analog converter) unit in the
coordinate is proportional to the current applied to the dipole coil
winding.
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the electron velocity by changing the rf cavity frequency,
where a step of 1 Hz resulted in changing the fractional
proton velocity by about 1 x 107%. Let f, be the rf cav-
ity frequency when the synchronous proton travels at the
same velocity as that of cooling electrons. At a new rf
frequency f, the fractional momentum deviation é. of the
electron beam from the proton beam becomes

6e: (f—fO) (7)

nfo

The maximum synchrotron phase amplitude q3 and the
maximum fractional momentum deviation 4 are mea-
sured at 5 s after the start of an injection cycle to allow
the initial transient oscillations to damp out.

As shown in our earlier reports [4,5], the amplitudes of
limit cycle attractors can also be measured by using an
oscilloscope to measure the longitudinal profile from the
beam position monitor (BPM) sum signal. The measured
amplitudes with the optimal drag force at Hy, = 160
DAC, V,,; = —185 DAC, and V;r = 128 V are shown in
Fig. 2(b). The corresponding beam intensity normalized
to the peak current is shown in Fig. 2(a). Note in partic-
ular that Fig. 2 shows a nearly symmetric amplitude of
limit cycle vs . and a close correlation between the stor-
age beam current and the Hopf bifurcation threshold [9].
On the other hand, when the electron and proton beams
were not properly aligned, we always observed asymmet-
ric Hopf bifurcations.

To understand the nature of this instability, the dashed
line shown in Fig. 2(b) is the result of computer simu-
lations using Eqgs. (1) and (2) with a damping force of
Egs. (3) and (4) for A,y = 1.89x107%, or kT = 8x 107*
eV. Thus the temperature of the properly aligned cooling
electron beam appears to be colder than what has been
observed earlier [4,5]. We note also that amplitudes of
limit cycle attractors are smaller than those predicted by
the drag force model of Eq. (4).

When the cooling electron beam is magnetically con-
fined by a solenoidal field, such as the IUCF Cooler Ring,
the damping force can be decomposed into two compo-
nents, where the magnetized cooling can enhance the
effective longitudinal and transverse cooling rates (see

¢
G+ 851(¢—¢)

g(¢) =4 ¢+ 51(¢2 —¢1) + S2(¢ — ¢2)

¢+ S1(¢2 — ¢1) + S2(¢3 — ¢2) + S3(¢ — ¢3)
(¢ + S1(C2 — ¢1) + S2(C3 — &2) + S3(Ca — €3)]¢3 /¢

with g(—¢) = —g(¢), ¢ = (6§ —d.)/D, and D = 3 x 10~*.
Figure 3 shows the final equilibrium phase amplitudes
of 40 particles, which are initially uniformly distributed
along the § > 0 axis by solving Egs. (1) and (2) with
v, = 0.0003,7 = —0.86. The corresponding drag force
model of Eq. (8) with parameters {; = 1,5, = —0.05,
(2=2,582=0,(3 =4,S3 =0.05, and {4 = 5 is shown in
the upper plot. The following observations can be drawn.
(1) S1 <0 in the region ¢ € [1,2) produces a limit cycle
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FIG. 2. The measured amplitude of limit cycle attractor and
the storage beam current observed vs ée as defined in Eq. (7) for
the optimized cooling alignment, which provides a nearly symmet-
ric Hopf bifurcation. The dashed line is obtained from numerical
simulations with kinematic factor (4) with A, = 1.89 X 1074,

The tracking was done for the time equivalent of 1607 ~ 4 s, where
the damping time is 7 = 1/a. The solid line is the limit cycle
attractor and the shaded area in the lower left corner of the plot
(b) is the region that converges to the fixed point attractor, ob-
tained from numerical simulations using the kinematic factor (9)

with A, =1.8x107%,A,; =22x1073, 4 =1,and A; =0.5.

Fig. 15 of Ref. [1]), and the longitudinal cooling force
may exhibit two peaks. We are particularly interested in
determining the cooling drag force for relative velocities
lying between the longitudinal and transverse rms values.
The measured amplitudes of limit cycle attractors enable
us to study the drag force at the relative momentum de-
viation . lying in the range of (A, Acl).

In the presence of magnetized cooling, the cooling drag
force can be divided into two components, where the
adiabatic component is maximum at the rms longitu-
dinal velocity spread of cooling electrons and the non-
magnetized component is peaked at the transverse rms
velocity spread of cooling electrons. Thus we simulate
the magnetized cooling with the following simplified drag
force model represented by straight lines:

fo<{<@

G <0<

if(<¢< (s (8)
if(<(¢ <

ifC4SC)

attractor. (2) Sz = 0 in the region ¢ € [2,4] produces a
center damping-free core for §./D € [2, 4], where the cen-
ter core and the limit cycle attractor coexist. The limit
cycle attractor becomes discontinuous at 6./D = 3. (3)
The positive drag force slope of S3 = 0.05 in the region
[4,5] revitalizes the fixed point attractor for 6./D € [4,5].
(4) For 8./D > 5, the synchrotron motion becomes un-
stable, which has resulted from a higher excitation rate
of synchrotron oscillations at § < 0 than the damping of
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FIG. 3. The lower plot shows the attractor solution and the sta-
ble synchrotron amplitude obtained from numerical simulations vs
de/D. The upper plot shows the corresponding kinematic function
of Eq. (8) with parameters (1 = 1, S; = —0.05, {3 = 2, Sz = 0,
(3 =4,s3=0.05and {4 =5vs (= (5§ —6.)/D.

synchrotron motion at § > 0.

Motivated by the understanding attained from the
above model, we postulate the kinematic function for the
magnetized cooling as follows:

9(¢) = 4)90(¢) + A1 go (Ae“ C) ; (9)

Ae_L

where ( = (6 —0.)/A¢, go(z) is given in Eq. (4), A, and
A, are, respectively, the longitudinal and transverse ve-
locity spread of cooling electrons, and A and A, are,
respectively, the adiabatic and the nonmagnetized drag
force components. Such a cooling kinematic function can
be obtained with the assumption of Maxwellian distribu-
tion functions for cooling electrons. The solid line in
Fig. 2(b) is obtained from tracking calculation with pa-
rameters Ay = 1.8 x 1074 A,y = 22 x 1073, 4 =
1,A; = 0.5, and the synchrotron tune v, = 4.46 x 1074,
The shaded area in the lower left corner corresponds to
initial phase amplitudes which damp to a fixed point
attractor at the center of the phase space. A particle
with an initial synchrotron amplitude outside the shaded
area will damp to the limit cycle attractor or become
unstable. Note in particular that a positive slope in the
kinematic factor of Eq. (9) has simultaneously generated
a limit cycle attractor and a fixed point attractor for
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de < —0.00075. The magnetized cooling at the relative
velocity lying between the longitudinal velocity and the
transverse velocity spreads created simultaneously a limit
cycle attractor and a fixed point attractor at the center of
the rf bucket. The existence of a fixed point attractor evi-
dently provides the mechanism for a beam accumulation,
which produced the higher proton beam current shown
in Fig. 2 at 6 < —0.0008. Thus the electron cooling sys-
tem is employing transverse velocity spread to enhance
the synchrotron phase space damping when the relative
velocity is larger than the longitudinal velocity spread of
cooling electrons. Because of the aperture limitation of
a realistic machine, such as the IUCF cooler ring, exper-
imental measurements at 6. > 0.0008 were not possible.

From our experimental data and extensive numerical
simulations, we summarize our findings as follows. The
Hopf bifurcation occurs when the slope S; < 0. The
center damping-free region can be created by a local zero
slope in the damping force, i.e., Hopf bifurcation does not
necessarily imply an unstable center fixed point. Further-
more, the limit cycle attractor can coexist with a fixed
point attractor [see Fig. 2(b)].

In conclusion, we have studied the effect of electron
beam alignment on the Hopf bifurcation. When the elec-
tron and proton beams were carefully aligned, the am-
plitudes of limit cycle attractors became symmetric with
respect to the relative velocity between the cooling elec-
trons and the synchronous proton. The nonmagnetized
drag force model with the kinematic factor of Eq. (4)
fails to fit the data when the amplitude of the limit cy-
cle attractor is large. These data have been employed to
determine the drag force in the region (A, A1), which
shows some of the essential characteristics of the mag-
netized cooling, where a limit cycle and fixed point at-
tractors can coexist. The transverse velocity spread of
cooling electrons plays a key role in beam accumulation
when 6. € (A, Acyi). Extensive numerical simulations
have been performed to study effects of the drag force on
particle motion. We find that the limit cycle attractor
can coexist with a stable center core if the slope of the
damping force becomes zero. A possible application of
this type of damping force is to create a more uniformly
distributed beam bunch in order to reduce space charge
force in a beam at low energies.
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nonlinear region of the damping force. In our case, we

measured the phase differences between +100 Hz shifts in
the revolution frequency fo.
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